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The strip necking model for strain-hardening materials is studied in this paper, in which the stress dis-
tributed over the strip necking zone is assumed to be ultimate stress. The bi-linear stress–strain relation
which can model certain features of plastic ﬂow is adopted in this model. The stress and strain ﬁelds are
calculated based on this model in this paper. The size of the strip necking region is determined by bal-
ancing the stress intensity factor due to remote loading with that due to assumed closing forces equal
to the ultimate tensile strength of the material distributed over the strip necking zone. It is interesting
that the strip necking region size and the crack tip opening displacement depend not only on the remote
load, but also the material hardening parameters, which is different from the results of strip yield model.
The results agree with experiments well, and the model has wider application.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
It is well known that a plastic zone would appear near the crack
tip in an elastic–plastic material under increasing load. It is true
that the plastic zone size is small compared to the crack size in a
material at low load levels. Dugdale (1960) investigated the plastic
yielding near a crack tip in a thin metal sheet and proposed the
classical strip yield model. After generalizing the essential ideas
of Dugdale, the strip yield model was applied in other materials.
Gao et al. (1997) proposed the strip electric saturation model in
piezoelectric materials, and Zhao and Fan (2008) presented strip
electric–magnetic breakdown model in a magnetoelectroelastic
medium. A relation was obtained between the extent of plastic
yielding and external loading applied. Based on the strip yield
model, Burdekin and Stone (1966) studied the crack tip opening
displacement and provided the basis for the design curve which
is examined experimentally using mild steel specimens of vastly
differing dimensions. When more experimental results were
available, Burdekin and Dawes (1971) revised the design curve
by raising the linear portion above the upper limit of the scatter
band of results. Dawes (1974) modiﬁed the toe region of the design
curve to increase its safety, and it is also simpler to use.
Strain-hardening plays an important role of producing unique
stress and strain ﬁelds in the plastic zone near a stationary crack
tip. Hutchinson (1968) and Rice and Rosengren (1968) proposed
the well-known HRR singular ﬁelds near the crack tip in a power
law hardening material. The strength of the singularity is uniquely
determined by J-integral deﬁned by Rice (1968). Since that time,ll rights reserved.
x: +86 0931 8625576.much work has been done in the area of the elastic–plastic fracture
mechanics. Amazigo and Hutchinson (1977) investigated singular
stress and strain ﬁelds at the tip of a crack growing steadily and
quasi-statically in an elastic–plastic strain-hardening material
characterized by J2 ﬂow theory and a bi-linear effective stress–
strain curve. Using the HRR theoretical developments as a founda-
tion, Xia et al. (1993) carried out a higher-order asymptotic
analysis of a stationary crack in a power law hardening material
for plane strain, Mode I. In addition, Mode II plane strain crack
was also studied by Xia and Wang (1992). Two parameter ap-
proaches as the more effective elastic–plastic fracture criterion is
developed. Later Wei and Wang (1995) presented a modiﬁed two
parameter criterion based on the asymptotic solution of ﬁve terms.
Larsson and Carlsson (1973) studied the inﬂuence of non-singu-
lar stress terms and specimen geometry on small scale yielding at
crack tip in elastic–plastic materials with ﬁnite element method.
Further implications of the non-singular stress term for crack tip
deformations and fracturing is examined by Rice (1974). It is sug-
gested that its effect on the crack tip parameters, such as the open-
ing displacement and J-integral, is less pronounced than its effect
on the yield zone size. Tvergaard and Hutchinson (1992) studied
the relation between crack growth resistance and fracture process
parameters in elastic–plastic solids with an idealized traction–sep-
aration law. Later, Tvergaard and Hutchinson (1994) considered
the effect of the non-singular T-stress (Williams, 1957) on Mode I
crack growth resistance in a ductile solids.
If a tensile stress is applied to a thin crack plate, a strip necking
region was observed ahead of a crack tip in the experiments by
Schaeffer et al. (1971). The strip necking zone ahead of a crack
tip is studied theoretically in this paper. The stress in the strip
necking zone should not be greater than ultimate stress which is
Nomenclature
E, Etan the slope of the piecewise-linear stress–strain curve
m Possion’s ratio
dij ¼ 1; i ¼ j0; i–j

the Kronecker delta
rij stress
eij strain
rij non-dimensional stress
sij non-dimensional stress deviator
re non-dimensional effective stress
r1 the remote load
rY yield stress
eY yield strain
ru ultimate stress
K stress intensity factor
U stress function
/ðzÞ; vðzÞ; xðzÞ; XðzÞ analytic functions for displacement
UðzÞ; WðzÞ analytic functions for stress and strain
ux; uy displacement in x and y direction
a half-length of the real crack
c half-length of the effective crack
rn the strip necking region size
rs the strip yielding region size
d crack tip opening displacement
U non-dimensional crack tip opening displacement
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ultimate stress is the maximum tensile force divided by the initial
transverse section area of the specimen. Therefore, the stress in y
direction is assumed to be ultimate stress distributed over the strip
necking zone before the crack propagation in this model. Linear
strain-hardening is considered and the stress–strain relation is re-
duced to be a linear mechanical problem when the plastic zone is
very small relative to the crack length. The size of the strip necking
region and the crack opening displacement are obtained based on
the strip necking model for bi-linear strain-hardening materials in
this paper, and it agrees with experimental results well.Fig. 1. Bi-linear stress–strain relation.2. Basic equations
In order to analyze the problem conveniently, the stress rij and
strain sij is non-dimensionalized by a yield stress rY and the corre-
sponding yield strain eY ¼ rY=E respectively,
rij ¼ rijrY ;
sij ¼ sijeY :
ð1Þ
The ﬁrst invariant of the stress deviation sij and the effective
stress re are deﬁned respectively by
sij ¼ rij  13 rkkdij; ð2Þ
r2e ¼
3
2
sijsij: ð3Þ
In a simple tensile test, there exists plastic deformation in the mate-
rials when the stress is larger than the yield stress. The stress–strain
relation in a linear strain-hardening material is shown in Fig. 1. This
bi-linear approximation does model certain features of plastic ﬂow.
Then the bi-linear stress–strain relation can be formulated as
follows (Hutchinson, 1968).
eij ¼ ð1þ mÞrij  mrppdij þ kð1 r1e Þsij; ð4Þ
where m is Possion’s ratio and k is a parameter determined by the
following expressions,
k ¼ 32 ð EEtan  1Þ; re > 1;
k ¼ 0; re < 1:
ð5Þ
Based on the result obtained by Hutchinson (1968), the effec-
tive stress is
re ¼ Kr12 cos2 12 hþ
3
4
sin2 h
 1
2
; ð6Þwhere r ¼ r=a, and a is the half length of the crack. For applied
stress is sufﬁciently low, the plastic zone is very small relative to
the crack length, i.e. r  1. Therefore, r1e is very small and can
be neglected for calculating the dominant singularity in the necking
zone near the crack tip. Then Eq. (4) can be reduced into
eij ¼ ð1þ mÞrij  mrppdij þ ksij: ð7Þ
Unless otherwise stated, k is 3ðE=Etan  1Þ=2 in the rest of the paper.
Substituting Eq. (1) into Eq. (7) yields
eij ¼ ð1þ mþ kÞrijE  mþ
k
3
 
rpp
E
dij: ð8Þ
The dominant singularity can be derived based on the constitutive
equation (8) in the plastic zone (Hutchinson, 1968). Obviously,
the elastic zone and the plastic zone have different constitutive
equations. In fact, we can get the constitutive equation in the elastic
zone, which is outside the plastic zone when k is zero,
eij ¼ ð1þ mÞrijE  m
rpp
E
dij: ð9Þ
The stress can be obtained from a stress function by
rxx ¼ @
2U
@y2
;
ryy ¼ @
2U
@x2
;
rxy ¼  @
2U
@x@y
:
ð10Þ
Fig. 2. The strip necking zone near the crack tip. A denotes the strip necking region,
B is plastic zone, and C is elastic zone.
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tion is
@2eyy
@x2
þ @
2exx
@y2
 2 @
2exy
@x@y
¼ 0: ð11Þ
The partial differential equation governing the stress function can
be obtained by eliminating the strains from the compatibility equa-
tion (11),
1þ 2
3
k
 
r4U ¼ 0: ð12Þ
Eq. (12) is a biharmonic function and the dominant singularity
is calculated based on it. Hutchinson (1968) obtained the
stress intensity factor at the crack tip based on this equation.
Muskhelishvili (1963) presented the modern viewpoint of the
theory of elasticity for the class of problems which can be consid-
ered as two-dimensional in character. The stress function can be
written from complex functions as follows
U ¼ Re½z/ðzÞ þ vðzÞ; ð13Þ
where u(z) and v(z) are analytic functions.
The stress can be obtained as
rxx þ ryy ¼ 2½/0 þ /0 ¼ 4Re½UðzÞ; ð14Þ
ryy  rxx þ 2irxy ¼ 2½zU0ðzÞ þW0ðzÞ; ð15Þ
where
UðzÞ ¼ /0ðzÞ; WðzÞ ¼ v0ðzÞ: ð16Þ
Substituting Eqs. (14) and (15) into (10) and integrating (10), one
can obtain the displacement as
E
1þ m ðux þ iuyÞ ¼
3 mþ 53 k
1þ m /ðzÞ 
1þ mþ k
1þ m ½zUðzÞ þWðzÞ: ð17Þ
One can introduce XðzÞ and xðzÞ for convenience,
xðzÞ ¼ zUðzÞ þ vðzÞ; ð18Þ
XðzÞ ¼ x0ðzÞ ¼ UðzÞ þ zU0ðzÞ þWðzÞ; ð19Þ
where
UðzÞ ¼ UðzÞ;WðzÞ ¼ WðzÞ: ð20Þ
Then the stress and displacement in the plastic zone can be
written as
rxx þ ryy ¼ 4Re½UðzÞ;
ryy  irxy ¼ UðzÞ þXðzÞ þ ðz zÞU0ðzÞ;
2lðux þ iuyÞ ¼ j/ðzÞ  1þ k1þ m
 
xðzÞ  1þ k
1þ m
 
ðz zÞUðzÞ;
ð21Þ
where
l ¼ E
2ð1þ mÞ ; j ¼
3 mþ 53 k
1þ m : ð22Þ3. Analysis of the strip necking model
For strain-hardening materials, the experiments of Schaeffer
et al. (1971) show that a strip necking region results ahead of a
crack tip when a tensile stress is applied to a thin crack plate.
The strip necking region is contained in the plastic zone, which is
shown in Fig. 2. Based on the analysis of Section 2, the equations
in the plastic zone is also linear equation, which is similar to theelastic equations. However, the parameters of the constitutive
equations in the elastic and plastic zones are different.
Fig. 3 shows a two dimensional crack of length 2a lying in a
Cartesian coordinate system ðx; yÞ with face along the x-axis. The
stress along the strip necking crack faces should be not greater
than ultimate stress before the crack propagation. Similar to the
strip model proposed by Dugdale (1960), the stress in y direc-
tion along the strip necking crack faces is assumed to be ulti-
mate stress, which is one of the material constants
determined by uniaxial tensile test. The ultimate stress is the
maximum tensile force divided by the initial transverse section
area of the specimen. The effective length of the crack is 2c, and
the strip necking zone is a < |x| < c. The size of the strip necking
region is determined by balancing the stress intensity factor due
to remote loading with that due to the assumed closing forces
equal to the ultimate tensile strength of the material distributed
over the strip necking zone. The stress intensity factor induced
by the remote load was analyzed by Hutchinson (1968). Now
we calculate the stress intensity factor due to the assumed
stress distributed over the strip necking zone in the following
text.
The remote boundary condition for this problem is
ryy þ iryx ¼ r1 at z ¼ 1; ð23Þ
and the boundary condition along the crack faces is
ryy ¼ 0; at jxj < a: ð24Þ
Based on the assumption, additional boundary condition along the
strip necking segments is
ryy ¼ ru; at a < jxj < c: ð25Þ
The analytic functions UðzÞ andWðzÞ for a pair of concentrated force
of magnitude P applied at x within a crack of length 2c are (Irwin,
1958)
UðzÞ ¼ WðzÞ ¼  P
2p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  x2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p
ðx zÞ : ð26Þ
For the strip necking model, UðzÞ and WðzÞ for the series of uni-
form tensile stress along the necking crack faces can be obtained
as
UðzÞ ¼ WðzÞ ¼ ru
2p
Z c
a
2zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
c2  x2
p
ðx2  z2Þ dx
¼ ru
p
arccot
a
z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
c2  a2
r !
 zﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
p arccos a
c
 " #
: ð27Þ
The stress intensity factor induced by the uniform stress along the
strip necking crack faces is
Fig. 3. The strip necking crack model in a hardening material subjected to remote loading.
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x!cþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx cÞ
p
ryy
¼ lim
x!cþ

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pðx cÞ
p ru
p
2xﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  c2
p arccos a
c
¼ 
ﬃﬃﬃ
c
p
r
ru arccos
a
c
: ð28Þ
Based on the results derived by Hutchinson (1968), the stress inten-
sity factor due to the remote load is,
K1 ¼
ﬃﬃﬃﬃﬃﬃ
pc
p Etan
E
 1
2
r1: ð29Þ
The total stress intensity factor K = K1 + K2 should be equal to zero
such that there is no singularity at |x| = c, i.e.
ﬃﬃﬃﬃﬃﬃ
pc
p Etan
E
 1
2
r1 ¼ 2
ﬃﬃﬃ
c
p
r
ru arccos
a
c
: ð30Þ
The size of the strip necking region is
rn ¼ c  a ¼ asec p2
Etan
E
 1
2 r1
ru
" #
 a: ð31Þ
Then UðzÞ, XðzÞ, u(z) and x(z) can be obtained as
UðzÞ ¼ XðzÞ ¼ ru
p
arccot
a
z
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
z2  c2
c2  a2
r !
; ð32Þ
/ðzÞ ¼ xðzÞ ¼ ru
2p
pz Iða; zÞ½ ; ð33Þ
where
Iðt; zÞ ¼ ðzþ tÞ arcsin c
2 þ zt
cðzþ tÞ  ðz tÞ arcsin
c2  zt
cðz tÞ : ð34Þ
The crack opening displacement d at the tip of the real crack is, on
the model employed, given by the displacement at the point x = ±a,
and can be obtained as
d ¼ 2lim
x!a
uy ¼
jþ 1þ k1þm
l
lim
x!a
Im½/ðzÞ ¼ 1þ
2
3 k
pE
8rualn
c
a
: ð35Þ4. Results and discussions
Based on the strip necking model, the size of the strip necking
region and the crack tip opening displacement is also obtained
for plane stress in Section 3. In this section, they are discussed
respectively.4.1. The strip necking region size
Based on the results above, the non-dimensional strip necking
region size can be obtained as
rn
a
¼ c  a
a
¼ sec p
2
Etan
E
 1
2 rY
ru
r1
rY
" #
 1: ð36Þ
It is interesting that the necking region size depends not only on
the remote load, but also the strain-hardening material parameters
E/Etan and ru/rY. The non-dimensional strip yielding zone size
(Burdekin and Stone, 1966) obtained by Dugdale model is
rs
a
¼ sec p
2
r1
rY
 
 1; ð37Þ
and it only depends on the remote load. The two different sizes are
shown in Fig. 4. It can be seen that the strip necking region size is
much less than the strip yielding zone size when the remote load
is higher. Therefore, the strip necking model by considering the
effect of strain-hardening has wider application than the strip yield
model. Furthermore, the curves of different hardening parameters
in Fig. 4 show that the higher the hardening parameters are, the
smaller the strip necking region size is. This can be interpreted by
plastic work. When the hardening parameters are higher, greater
energy should be dissipated with plastic deformation.
4.2. The crack tip opening displacement
The non-dimensional crack tip opening displacement obtained
by the strip necking model is
U ¼ d
2paeY
¼ 4
p2
ln sec
p
2
e
eY
 	
; ð38Þ
where e/eY is non-dimensional strain. For strip necking model,
substituting Eq. (31) into (35), one can obtain the crack tip opening
displacement under remote loading. After non-dimensionalized, the
opening displacement reads
U ¼ d
2paeY
¼ 4
p2
E
Etan
ru
rY
ln sec
p
2
Etan
E
 1
2 rY
ru
e
eY
" #
: ð39Þ
Comparing (38) and (39), one can ﬁnd that the crack tip opening
displacement obtained by necking model depends not only on the
strain, but also the material hardening parameters, while the result
of yielding model is just a function of the strain. The two crack tip
opening displacements obtained by different models are shown in
Fig. 5.
Based on many experimental results shown in Fig. 5, Burdekin
and Stone (1966) studied the relation between crack tip opening
Fig. 4. The non-dimensional strip necking region size and the strip yielding zone size.
Fig. 5. The non-dimensional crack tip opening displacement obtained by the strip necking model and Dugdale model. The scatter band for experimental results is between
the dark solid line and the dark dashed line.
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opening displacement obtained by strip yield model deviates far
from the experimental results. This is because that the plastic
deformation is not considered in the strip yield model. The size
of the yielding zone is great and greater energy should be dissi-
pated when the remote load is greater than rY/2. Therefore, the
crack opening displacement calculated based on the strip yield
model is greater than the experiments. Dawes (1974) presented
the crack opening displacement design curve. However, the crack
opening displacement design curve is just experiential.
The elastic–plastic strain-hardening is considered in this paper.
Therefore, the results obtained by the strip necking model studied
in this paper agree with the experiments well as shown in Fig. 5.
Attention is that the results are obtained based on the assumption
that the plastic zone is very small relative to the crack length. From
Fig. 4 and 5, one can ﬁnd that the remote load should be less than
the yield stress in the strip necking model, i.e. r1 < rY; while the
remote load should be less than half of the yield stress in the strip
yield model, i.e. r1 < rY=2 (Dawes, 1974). Therefore, the strip
necking model has wider application than the strip yield model.Furthermore, one can see that the crack tip opening displacement
depends on the hardening parameters, i.e. the higher the hardening
parameters are, the smaller the crack tip opening displacement is.
This can also be interpreted by the energy dissipation mentioned
above. That is to say, the crack tip opening displacement is affected
by the energy dissipation with the plastic deformation in a strain-
hardening elastic–plastic material.
The strip necking region is observed in a thin crack plate for
strain-hardening materials. Therefore, the analysis in this paper
is effectively restricted to thin sheet, i.e. the equations used in
the paper are for plane stress conditions. However, most practical
cleavage fracture problems occur in situations where triaxial stres-
ses occur. Therefore, some future work should be done for the tri-
axial stresses conditions based on the strip necking model.5. Conclusions
The strip necking model for strain-hardening materials is stud-
ied in this paper. The bi-linear stress–strain relation which can
3452 C. Xue et al. / International Journal of Solids and Structures 49 (2012) 3447–3452model certain features of plastic ﬂow is considered. The size of the
strip necking region is obtained by balancing the stress intensity
factor due to remote loading with that due to assumed closing
forces equal to the ultimate tensile strength of the material
distributed over the strip necking zone. Furthermore, the crack
tip opening displacement is also obtained based on the strip neck-
ing model in the present paper, and the results are consistent with
experiments.
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